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Erwin Schrodinger (1887-1961) is best known for his
equation which provides a description of behavior at the
quantum level of molecules, atoms, and subatomic parti-
cles. In a different domain, his book “What is Life?”, has
been described as a major inspiration by some of the
founders of molecular biology. During time that he spent
in Zurich, he wrote (to my knowledge) four articles on
color vision. Two of these were published in translation
by MacAdam.' The present translation of a third article
was obtained from the National Translation Center in
1982 (the identity of the translator was not available). I
have made a small number of modifications to the
translation in the interest of clarity. This paper was a ma-
Jjor influence on the work of the color theorist Deane Judd,
both in his analyses of opponent-color theories® and in
the specification of the CIE 2° primaries.”

In this paper, Schrédinger shows that the representa-
tion of lights on the basis of opponent-color theory is an
affine transformation of the representation on the basis of
trichromatic theory, if certain assumptions are valid
about the combination of the three cone signals into the
two opponent and one achromatic system.* As I will show
below, this geometrical equivalence in turn makes it pos-
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sible to test the combination assumptions critically. The
Jailure of some of these tests has led to a refinement of our
understanding of the opponent stage.

Given the sophistication of his other papers, the treat-
ment of trichromatic theory in this paper is surprisingly
inadequate. Instead of building on Maxwell’s® work
which established the three dimensionality of metameric
color-matches, Schrodinger treats trichromacy as a basis
Jfor the phenomenological appearance of colors. However,
this shortcoming has no effect on the subsequent analysis
which uses Konig’s Fundamentals that are based on tri-
chromatic color matching functions (CMF) and the as-
sumption that cone spectral sensitivities are linear com-
binations, with constant coefficients, of the CMF’s.

Schrédinger shows that Hering® type valence curves
are equivalent to straight lines through achromatic white
in any chromaticity diagram. The essential insight was
that since color matching functions are a linear transform
of cone spectral sensitivities, if, as proposed by von Kries,”
valence curves could be identified with linear combina-
tions of cone spectra, then valences should also be a linear
transform of color matching functions. The explicit deri-
vation is easily described in matrix notation. If RG, YB,
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and LD, the red-green, yellow-blue and light-dark va-
lence associated with a spectral light )\, are independent
linear combinations of the quanta caught by L, M, and S
cones, then:

RG IRGmggsRG L
YB|= IYB MypSyr MJ. ( 1 )
LD lipmipsin/ \S

Sincel., M, and S are linear combinations of color match-
ing functions, R, G, B, the valences can be described as:

RG rregrcbra\ /R
YB | = | rypgysbys || G (2)
LD rpg&obin/ \B
where
TRGERGDRG lrgMreSrc\ [TpIp T \ !
ry8ysbys | = | lysmysSys || gr&ngr
i pgipbip lpmypsip/ \bebpbr

The coefficients in the inverted matrix are the coordinates
of the confusion vectors of congenital dichromats® or
equivalently the chromaticity coordinates of dichromatic
copunctal points.’ In three-dimensional RGB space,
lights with zero RG valence fall on a plane described by:

RG = rggR + gggG + brgB =0 (3)

In a two-dimensional chromaticity space plotted in bary-
centric coordinatest andb, (g = 1 —r —b), the null plane
projects to a straight line given by:

b=( ERrRG )_*_(rRG-gRG)r' (4)
. 2rG — bro grG — bra

Similar derivations lead to straight null lines in chroma-
ticity space for YB and LD.

Schrodinger estimated the coefficients for RG and YB
by using the chromaticity coordinates of psychologically
unique hues. Unique blue and unique yellow are hues that
are neither reddish nor greenish, and unique red and
green are neither yellowish nor bluish. The line passing
through unique yellow, achromatic white and unique blue
was taken as the null line for RG. Similarly, the line pass-
ing through unique red, achromatic white and unique
green was used to derive the coegfficients for YB. The co-
efficients for LD were derived from a new kind of line,
the alychne, representing the null of Exner’s luminosity
Junction. The three valences derived using Kénig's
CMEF ’s, when plotted on a wavelength axis, resembled
Hering’s qualitative valence curves. (Abney'® includes an
English translation of Hering’s descriptions). In other
words, if the opponent-hue mechanisms are linear com-
binations of cone signals, all the information about va-
lence curves is contained in the location of the four unigue
hues.

The relationship between the two theories thus depends
critically on the collinearity of the pairs of unique hues
with achromatic white. Subsequent measurements have
invalidated this assumption. In 1939, Dimmick and
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Hubbard"'"'? measured the chromatic locations of the
unique hues. Spectral lights of 477, 513, and 583 nm were
identified as unique blue, green, and yellow respectively.
The line joining unique blue and yellow passed through
the reddish side of white. Since all spectral reds have a
yellowish tinge, the chromatic location of unique red was
ascertained by mixing unique blue with a spectral red to
cancel the yellow percept and obtain a color that was nei-
ther “yellowish’’ nor “bluish”. Unique red was found to
be complementary to 493.6 nm and not to unique green,
implying that the line joining unique red to achromatic
white was not collinear with the line joining achromatic
white to unique green. Consequently, the yellow-blue hue
system cannot be a linear combination of cone inputs. For
each of the unique hues, Burns et al.'> measured the chro-
matic locus as saturation was varied while luminance
was kept constant. These loci did not fall on straight lines
as would be required to generate hue valence curves. If a
pair of unigue hues, red-green or yellow-blue, is collinear
with white, and the less saturated null hues fall on the
straight line joining the three null points, then the valence
curve for the opponent mechanism can be derived directly
Jrom that line. However, if a pair of unique hues is not
collinear with white, then a valence curve can not be de-
Jined for the corresponding mechanism.®'* Further work
with the hue-cancellation technique'*'>'® has provided
additional evidence that opponent mechanisms based on
hue judgments are not linear combinations of cone sig-
nals.

Schridinger’s mathematical analysis of opponent
mechanisms is more general than his estimation proce-
dure which was restricted to hue judgments. Linear post-
receptoral mechanisms can be identified with straight
null lines in chromaticity space as a general rule, and the
coefficients can be estimated on the basis of a variety of
measurements.'™'® A different approach to second-stage
mechanisms was taken by Krauskopf et al.' who directly
searched for three linear second-stage mechanisms de-
Sfined with reference to cone signals rather than unique
hues. As the result of selective desensitization experi-
ments, the null lines for the opponent-mechanisms were
identified as a constant S cone line and a constant L & M
cone line. Electrophysiological measurements have
shown that these lines correspond to null lines for the two
classes of chromatic cells in Macaque lateral geniculate
nucleus.*

This paper also introduces the remarkable invention of
the alychne. The alychne provided a graphical means of
conceiving of lights of equal brightness. Schridinger used
Exner’s brightness data. A standard luminosity function,
V(A) had been adopted by the CIE in 1924, based on a
mixture of measurements involving flicker photometry
and direct brightness matching.*' However, the differ-
ences between comparisons made by the two procedures
have become clearer,” and flicker photometry is now
used to derive an additive metric for luminance. From
the location of the alychne in the chromaticity diagram,
Schrodinger theorized that S-cones do not contribute to
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luminance. This position has been supported by the evi-
dence that S-cone signals do not contribute to flicker
nulls,>2* except under exceptional circumstances.®® The
concept of the alychne has also been influential in practi-
cal color work. In the CIE?® all-positive color-diagram,
two of the primaries, X and Z, were placed on the
alychne, i.e. defined to have zero luminance. All the lumi-
nance information is carried by y(N), which is thus iden-
tical to the CIE V()\) function.

The paper concludes with a thought experiment about
the evolutionary sequence of the color sense. Schrodinger
speculated that the yellow-blue color system evolved ear-
lier than the red-green system. This sequence is consistent
with the molecular analysis that shows that whereas the
S-cone gene is similar in basic structure to the human
rhodopsin gene, it is very different from the genes for the
long-wavelength sensitive pigments. The L and M-cone
opsin genes have a very high degree of sequence homol-
o0gy, indicating a more recent differentiation.*®*’

In this commentary, the treatment of developments in
opponent-color theory has purposely been kept terse.
Judd? summarized developments up to 1950, and a num-
ber of readings*®-3* can provide more details. Readers
may also wanit to compare Schrodinger’s opponent-axis
color space (Fig 3) to later theoretically based color rep-
resentations®>*>%% and notice the elegant treatment of
the luminance relationships between complementary col-
ors* facilitated by this space.

QASIM ZAIDI

Department of Psychology
Columbia University

New York, NY 10027
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I

As is well known, two apparently very different concep-
tions of the color continuum confront each other at pres-
ent, the three-color theory, usually linked with the name
of Helmholtz, and the four-color theory, emphatically
defended by Hering though its origin goes back to Au-
bert. The former, in keeping with the indisputable three-
dimensionality of the color continuum, claims that every
color is to be regarded as a mixture of three basic colors,
a basic red, a basic green and a basic blue (or violet). This
is in contradiction to the direct perception of the naive
observer, that pure yellow is also a psychologically ho-
mogeneous color sensation in addition to red, green and
blue, in which with the best of will he cannot perceive a
mixture of equal quantities of red and green, as he should
according to the three-color theory. Likewise the percep-
tion of pure white does not seem in the least related to
the colors named, but is psychologically homogeneous
and not to be further analyzed, whereas according to the
three-color theory it is produced by mixing equal quan-
tities of all the three basic colors.

On the other hand, the four-color theory adheres
closely to the psychological color arrangement. Accord-
ing to Hering, every individual color, in addition to a
“white valence,” possesses two colored valences of which
the first is called the “red-green valence” and is either red
or green for a certain color, whereas the second, called
the “blue-yellow valence,” is either blue or yellow. That
corresponds entirely to the psychological observation
that, on the one hand, the perceptions of red with green
and blue with vellow are absolutely incompatible,
whereas, on the other hand, every color perception is
classified according to its color tone between one of the
two colors of the former and one of the two colors of the
second “opponent-color pair.” An increase in the white
valence corresponds to a brightening and, if the color va-
lences are unchanged, at the same time to a whitening
(desaturating); a decrease in the white valence, to a dark-
ening and blackening. However, addition of color va-
lence to a pure white valence also changes the brightness,
in so far as red and yellow have a specific “‘brightening”
effect, and green and blue a specific “darkening” effect.

This theory, which led Hering to a very definite physi-
ological-chemical interpretation of the visual process,
still has many adherents, especially among the psycholo-
gists. Others object that it is scarcely compatible with the
empirical three-dimensionality of the color continuum,
if only because of a superfluous increase in variables, and
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for that reason no quantitative examination on colors
can be adequately expressed in its terminology. von
Kries took a conciliatory position in his so-called Zone
theory.! According to it, the three-color conception ap-
plies to the physiological process on the retina, and the
four-color conception, on the other hand, to a more cen-
tripetal “zone” of the visual organ, which would explain
its closer connection to the psychological color arrange-
ment.

To me this von Kries interpretation of the theory
seems very probable. What I wish to show in the follow-
ing, is entirely independent of the deeper conception of
the physiological substratum of the visual process. It is a
question of the mere determination that, purely super-
ficially, the relationship between the two theories—the
three and the four-color theory—may be regarded as ex-
tremely simple, i.e. as a mere transformation of the vari-
ables. From the purely mathematical standpoint, the
true facts are not particularly intricate, but to my knowl-
edge they have never been expounded with entire clarity
and certainly have never been recognized by many, oth-
erwise the discussion would have taken a different
course. The evident numerical contrast, which seems
substantial because of the notation selected by two theo-
ries, may also have contributed to the ambiguity.

Let us consider the conventional color triangle of the
Helmholtz theory, Fig. 1. In it the three basic color por-
tions of a color, which we shall designate in short as their
coordinates x,, x,, x3, geometrically constitute the pro-
jective or triangle coordinates of the point corresponding
to the color in question, the center of gravity of the trian-
gle being selected as the “unit point” (in accordance with
projective geometry [geometric stipulation]). However,
whereas the coordinates of projective geometry are only
significant as proportional numbers, the color coordi-
nates further have the absolute meaning that their sum
x; + x5 + x5 indicates the mass which must be attributed
to the color point in order to find the result of a color
mixture according to the known center of gravity con-
struction. A further, by no means necessary, stipulation
on the units of the standard lights to be selected places
white in the center of gravity of the triangle (physico-
physiological stipulation). ~

The three-color coordinates of the spectral lights in the
diffraction spectrum of the earth’s sunlight, plotted as
functions of the wave lengths, are called the “basic per-
ception curves” or fundamentals.? The color points in
question—rfor a spectrum of any desired distribution of
intensity—Ilie on the dashed “spectral curve” in Fig. 1.

Instead of restricting them to the coordinate triangle
selected here (which has a deeper meaning according to
the Helmholtz theory as a result of measurements on di-
chromats), the spectral colors and consequently also all
the other colors can be referred to any desired other tri-
angle which corresponds to a linear-homogeneous trans-
formation of the coordinates. Naturally this also changes
the form of the color matching function (CMF), since
every new CMF is a superposition (with certain constant
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FIG. 1. Kdnig color triangle.

coefficients) of the old. It is a question whether the coor-
dinate triangle can be given such a form that the new
CMF may be regarded directly as the Hering valence
curves—for which, they need only satisfy certain quali-
tative requirements, since no “quantitative information
on the valences is known from the Hering theory.

The Hering valence values have the following qualita-
tive course along the spectrum. The long-wave, homoge-
neous lights from the red end to about A = 575-nm (“pri-
mary yellow”) first have an increasing and then a de-
creasing red valence, and in addition increasing yellow
valence. In primary yellow the red valence disappears
and passes into the green valence. Up to X = 495 (“pri-
mary green”) the yellow valence diminishes while the
green valence increases; from there to A = 472 (“primary
blue”) there is decreasing green in addition to increasing
blue valence. From that point there is again a red valence
in place of the green valence; it passes through a second-
ary maximum and then disappears simultaneously with
the blue valence at the violet end. Primary yellow and
primary blue are complementary, i.e. in the color trian-
gle, they are on the same straight line through the white
point. There is no physically homogeneous “primary
red”; it is prepared from extreme spectral red with a
small addition of blue, which makes the mixture com-
plementary to primary green. Along the spectrum, the
white valence is said to produce the directly observed
spectral distribution of brightness, while taking into con-
sideration a certain “brightening” influence of the red
and the yellow valences and a “darkening” influence of
the green and the blue valences.

The following wave lengths must now be located in the
Konig color triangle or, better still, in the Konig funda-
mentals, in which they are represented more accurately
as the abscissa of the intersections of two fundamentals
in each case: first, that which is complementary to the
Konig basic blue (long-wave intersection of the red and
green curve, about A = 577); second, the wavelength
which is complementary to basic red (intersection of the
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green and the blue curves, about A = 497); third, the
wavelength of basic blue (short-wave intersection of the
red and the green curves, about A = 469). These three
wavelengths agree with the Hering primary yellow, pri-
mary green and primary blue within the limit of accu-
racy with which, on the one hand, the intersection of the
fundamentals can be determined according to various
methods,* and on the other, of the Hering primary color
for the determination of which the psychological obser-
vation of a normally adjusted eye is used, e.g.: this yellow
is pure yellow with neither a reddish nor a greenish tinge.
Naturally this in the cause of very approximate
agreement of the Hering primary red with the Ko6nig ba-
sic red, so that we can say: The Hering primary colors
agree in color tone with the Kdnig basic red and basic
blue and their complement whereas the basic green (the
wavelength of which, by the way, is very close the com-
plement of the basic red), plays no marked role in the
Hering theory.*

The connecting lines passing through the white points

to the two complementary pairs of colors are the straight
lines RW and BW of Fig. 1. If they are included in the
sides of a new coordinate triangle, the geometric signifi-
cance of the projective coordinates indicates very clearly
that the two new “CMF” attributed to them will show
the correct change in signs for interpretation of the posi-
tive ordinates of the one (attributed to BW) as red va-
lences, and their negative ordinates as green valences ac-
cording to Hering, and likewise the positive ordinates of
the other new CMF (attributed to RW) as yellow va-
lences, and their negative ordinates as blue valences.
That follows from the fact that every projective coordi-
nate of a point is proportional to a perpendicular line
drawn from this point to one of the sides of the basic
triangle, and the sign changes when the point passes from
one end to the other of the side of the triangle in ques-
tion. :
For the present the third side of the triangle must still
be selected. It is a question of how it should be placed in
order that the third new CMF may be regarded as white
valence according to Hering.

In order to clarify the selection of this third side, we
shall insert an intermediate step. First let us select it in
such a way that the distribution of brightening in the
diffraction spectrum of the sun is the third new CMF.
That is possible and extremely simple from the compre-
hensive studies of Franz Exner® on the calculation of the
brightness of any color from the (Konig) fundamentals.
According to Exner, the brightness is expressed homoge-
neously and linearly by the basic perception portions x;,
X7, X3!

h=ax, + Bx; + vx;.

For the three coefficients which are only to be regarded
as proportional numbers, Exner found the values;

a=1 B=0.75 ~=0.024. (H
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Evidently, it is only necessary to select for the third side
of the new triangle the straight line, which, referred to the
Konig triangle, satisfies the equation:

ax; + 5X2 + yx3 = 0. (2)

The third of the new coordinates is then proportional to
this linear term, and consequently, to the brightness.
This straight line (2) is constructed in Fig. | and, for rea-
sons to be explained directly, is called alychne (“light-
less™).

In the Konig triangle the straight lines RW and BW
have the equations:

X3 —X=0
—x; = 0. 3)
The conversion equations for transformation to the

chromaticity triangle formed from the three straight lines
just mentioned, therefore, have the following form:

xt = alx— xz)
x5 =b(x — xy)
x4y = clax; + Bx; + vXx3). (4)

Here a, b and ¢ are at first arbitrary. It is convenient to
determine them from the requirement that

Xy Fxh+Exy=Ex X+ X 5

must be identical. Thereby the mass with which each
color enters into a center of gravity construction is pre-
served, and the barycentric coordinates xi for the new
color triangle apply to the color continuum drawn in Fig.
1, without requiring any distortion. Requirement (5)
leads to:

_atf-2y
a+f+y’
_ 20—~
a+B+y’
3
= 6
a+ B+ ©
With (1) substituted in (4), this gives the numerical
equations:

X’l = .960 (X3 e Xz)
xh = 0.685(x; — x1)
x5 = 1.685x, + 1.274x, + 0.040x3. 4"

Before we discuss the representation developed in this
way, we wish to add some more remarks about the inter-
esting Exner straight line, Equation (2), which we called
alychne.

This line is the geometric position of colors of vanish-
ing brightness, which at first seems very mystic. Natu-
rally, these colors of vanishing brightness are all virtual;
the straight line does not intersect the real color plane.
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Two such colors are chosen in the representation (4') as
primary colors; the third primary color is white. Actu-
ally, these colors have by no means anything mystic
about them. The result of adding such a color to a mix-
ture cannot only be stated, but can also be readily dem-
onstrated, e.g. with a color top; more easily than the ad-
dition of a Konig fundamental color. It is merely a
matter of changing the color tone (and possibly the satu-
ration) while keeping the brightness constant. For exam-

ple, if we take two colored papers of the same brightness
and mix them in different ratios on a color top, all of
these mixtures differ merely in the varying content of a
definite color located on the straight line (2). The posi-
tion of this color is preserved by intersecting the straight
line (2) with the straight line which connects positions of
the two colored papers.

As may be seen, the alychne passes very close to the
Konig basic blue. That is the result of a low value of the
specific brightness v of the basic blue. The selection of
this basic blue, of course, is quite conventional; the spec-
tral standardizations permit far more play than for basic
red and basic green, because blindness to blue occurs al-
most only in seriously diseased visual organs with which
it is impossible to experiment accurately and continu-
ously. In any event, such a small displacement of'the blue
point, which is sufficient to transfer it to the alychne is
entirely permissible. The Konig fundamental would be
changed only very imperceptibly thereby; it can even be
arranged in such a way that the abscissas of their inter-
sections (which, of course, are also confirmed by other
methods),’ are preserved by shifting the blue point on the
straight line BW outward. This change would result in
the practical advantage that v would equal 0, 1.e. the
brightness of every color could then be calculated from
its red and its green content alone, without necessarily

taking into consideration the blue content, which even
now contributes almost nothing to the brightness. Fur-
ther, the determination of this small blue coefficient by
different observers is so uncertain and varying (Kohl-
rausch’ found 0.047, Ives® 0.011, both expressed in terms
of « = 1), that it would not be risky to consider these
values as remainders of errors which possibly may be
negative occasionally. From the standpoint of the
Young-Helmholtz theory, this conception that the per-
ception of blue would, strictly speaking, have the bright-
ness zero, a conception which may practically be re-
garded as proved by experiments, as already said, would
be of considerable importance. The “blue process” of
this theory would then probably have to be regarded as
being substantially different than the other two, in so far
as it only modifies the quality of light perception, but
leaves its intensity unchanged. However, we do not wish
to make use of this observation for the present, in order
that it may not seem as if we wish to or have to distort
the results gained by observation.

Let us turn again to Equation (4). Fig. 2 represents the
new “basic perception curves” corresponding to these
equations, i.e. the three values x| for the spectral lights in
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FIG. 2. Hering valence curve, derived from Kénig's funda-
mentals.

the diffraction spectrum of the sun as functions of the
wave lengths. For the x; the original values of Konig were
used. As was anticipated, the first two curves give a suit-
able picture of the Hering color valences if the negative
ordinates of x are interpreted as red valences, the posi-
tive ordinates of the same curve as green valences, and
further the negative ordinates of x) as yellow valences,
and the positive ordinates as blue valences. The intersec-
tions with the y-axis are primary yellow, primary green
and primary blue, whereas the primary red naturally
cannot appear since it does not occur in the spectrum.
The third curve (which for lack of space is shown on half
the ordinate scale in the figure) simply gives the distribu-
tion of brightness, and is exactly identical with that of
Franz Exner, ie., calculated from the original Konig
data by means of his own values of a, 8, v (also used by
us).” The values of x’ cannot as yet be identified with the
Hering white valences, because the latter (as Hering’s
school claims) do not alone determine the brightness, but
the color valences, when added are claimed to have a spe-
cific brightening or darkening effect. However, it would
be easy, and possible in co® ways, to change the curves by
a second linear transformation in such a way that the
first two may continue to be regarded as Hering’s color
valences, and the latter as Hering’s white valence; now
this could be done by taking into consideration the as-
serted specific brightening nature of the color valences.
In other words, this specific brightening nature of the
color valences might be incorporated purely formally.
For this purpose it would merely be necessary to write:

xj = —Ax)
x3 = —Bx}
X% = x5+ Ax| + Bx}
Brightness = x| + x5 + x% (=x%). )

A and B are purely arbitrary positive coefficients. Nat-
urally, conversely as before, the positive x7 are to be con-
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sidered as red valences, and the negative x7 as green va-
lences; and similarly for x45. The brightness is the sum of
the color coordinates. Red and yellow have a brightening
effect and blue and green a darkening one. (Naturally,
the opposite may readily be produced by a negative sign
of 4 and B. There are plenty of advocates of this bizarre
conception in the recent literature.)!°

According to the conception originally advanced by
Hering’s school, the white valences are given by the twi-
light values. Accordingly the 4 and B should be deter-
mined in such a way that x% coincides with the curve of
the twilight brightnesses, the maximum of which isin the
diffraction spectrum of the sun at about A = 505. As von
Kries emphasized very emphatically,'! this conception
of the twilight values as the pure white valence freed of
the influences of the color valences is no longer accept-
able; it is refuted by the fact that when the intensity is
diminished without rendering perceptible a difference in
color tone, certain light mixtures equal in daylight and
colorless to him show the deuteranope a Purkinje phe-
nomenon of the enormous amount of 1:100. This fact
also prohibits the explanation of the great differences in
twilight and daylight brightness to the trichromat
through elimination of the color valences. To this argu-
ment our present consideration adds another. A closer
observation makes it impossible to select the above val-
ues 4 and B in such a way that x7 represent the twilight
brightness. Otherwise it would have to be possible to con-
struct the twilight curve from the original Konig funda-
mental by linear combination with suitable (positive or
negative) coefficients. That this is impossible may be rec-
ognized almost at first sight, since the maximum of the
twilight curve lies at a point where all three fundamentals
have relatively small values. I have attempted the adap-
tation by trying to produce agreement at three points at
the crest of the twilight curve and at two points at a me-
dium height. Entirely irrational values were found for
the coefficients which produce very high negative values
at other points of the superposition curve.

The only reasonable interpretation of the white va-
lences from the standpoint of the four-color theory is
probably that of Kries, i.e. as periphery values.'? Here it
appears that, with recession of the color quality in eccen-
tric vision, practically no change in the brightness takes
place. For, when careful attention is given to full adapta-
tion to brightness in determining the peripheral colorless
brightness and the macula tinction is taken into consid-
eration in the case of strictly centra] observation, no dis-
tinct difference can be determined between the central or
paracentral colored and the peripheral colorless bright-
nesses.'* Our representation (4') in which, in addition to
white, two colors “free of brightness” on the alychne are
selected as primary colors, exactly corresponds to this.
Therefore, there is no reason for carrying out further
transformations (7) for the present; the x| introduced
through (4') appear as the simplest quantitative expres-
sion of the four-color theory.

This expression offers some very unexpected, interest-
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ing characteristics. Recently, it has been emphasized by
various authors'® that it is much more suitable for actual
constructions in the color triangle to use a right-angled
instead of an equilateral triangle, possibly with different
scales for the abscissa and the ordinate. As right-angled
cartesian coordinates, it would then be simply necessary
to plot: -

X
X'1+X’2+X’3
X3
y= A !+ )2 (8)
X)Xy T X3

whereas the quotient of the third color coordinate is
found by the sum of the color coordinates, either alge-
braically as 1 — x — y or geometrically as the distance of
the color point from the hypotenuse (drawn through the
points (1,0) and (0,1) on the axis). If we do this with the
color coordinates x/, we obtain Fig. 3, in which, in addi-
tion to the spectral curve, the original Kénig basic colors
are also plotted. At the source is white. According to their
sign, the coordinates x, and y give the green, red, blue
and yellow content. The distance from the hypotenuse
(which hypotenuse we, of course, recognize as alychne)
measures the brightness of the unit of the color in ques-
tion. As will be remembered, we kept this unit—the sum
of the coordinates—invariable in the transformation (4');
therefore, it has the same value as that attributed to it
by Konig and is also the mass in Fig. 3 which must be
attributed to the color point in making a center of gravity
construction. For example, from the figure it is readily
possible to answer the common question: How do the
brightnesses of two (simple or compound) lights behave
in a complementary mixture? For this purpose it is only
necessary to divide for each of the two lights its distance
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FIG. 3. Hering color valences per unit quantum, plotted as
rectangular cartesian coordinates.
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from the alychne by its distance from the white point. If
two equally bright complementary colors are wanted,
they can be found on a conical section one focal point of
which is in the white point and the alychne of which is its
(corresponding) directrix.

These are all relatively trivial consequences which, by
the way, with due alteration of details are already in-
cluded in K&nig’s color triangle when the alychne is con-
structed from Exner’s data. The only simplification pro-
duced by the geometric rearrangement is that the two
heavy lines (altitudes) of the Konig triangle which come
into consideration are now perpendicular to each other
and that the alychne, the construction of which was for-
merly relatively inconvenient and required the use of the
special numerical values «, 8, v, has now become a
straight line at 45°. Naturally, it might be expected that
the Konig triangle would lose its simple form, and can
only be fitted correctly into the figure with the aid of the
numerical values «, 8, v.

Strange to say, that is not the case. In consequence of
the chance numerical values of the coefficient in (4),
which in turn depend on the empirical values of the Ex-
ner brightness coefficients «, §, v, the Konig triangle
formed by the primaries red, green, and blue of Fig. 3,
the angles of which are naturally constructed correctly
according to Equation (4') as the points which corre-
spond to the triplets (1,0,0), (0,1,0), (0,0,1) of the non-
primed coordinates, proves purely by chance to be rect-
angular with the right angle at the basic red. Likewise,
the short sides of this triangle by chance are in the ratio
of 1:V2. The latter is not a new “chance,” but is a neces-
sary consequence of the former when it is considered that
the coordinates x, y of the corners of the Konig triangle
according to (4), (5) and (8) in any event must have the
form:

0, -b)
(—a, b)
(a, 0),

in which the particular values of a, 8, v, just result in

a =0.960
b = 0.685.

Once this has been recognized, let us consider that, when
there is to be a right angle at basic red, the two right-
angled triangles below the x-axis, as partial triangles of
the right-angled triangle the hypotenuse of which lies in
the x-axis, must be similar to each other and to the latter
triangle. (And vice versa, when these two triangles are
similar to each other, there is a right angle at the basic
red, and they are also similar to the triangle composed of
them.) The short sides of these two small triangles (abso-
lute values) are:

a/2, b for the left one,
b, a for the right.
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The similarity, therefore requires:
a=12.

This relationship is fulfilled by the above numerical val-
ues to within less than 1%. Then, however, the shorter
side (on the right) of the Konig triangle is:

Va2 + B2 = bV3,

and its longer side (on the left)

2VP* + d%/4 = bV6.

Therefore, the Konig triangle is also similar to all those
previously mentioned; it also has the ratio of the short
sides of 1:2, as claimed.

If the short sides of the Konig triangle are explained as
units of measurement of the abscissa and ordinate in the
rectangular system of coordinates formed by these short
sides, the cartesian coordinates of the color points have
the following value with regard to this system of coordi-
nates:

X3

X+ Xt X3
X

x4+ +xy

i.e. the Konig blue value, or the Konig green value by
the sum of the coordinates, whereas the corresponding
quotient for the Konig red value is readily found by sub-
traction of these two values from 1 (or also from the dis-
tance from the hypotenuse of the K0nig triangle).

Our representation, therefore, gives the following in-
formation. It represents in one figure the color valences
according to the Helmholtz-Konig three-color system
and according to the Hering four-color system, both in
the simplest and most convenient form for practical con-
struction as right-angled cartesian coordinates, in which
the Hering system of coordinates simply forms the alti-
tudes of the right-angled Konig triangle. At the same
time it offers the possibility of direct and clear presenta-
tion of the specific brightnesses of all lights (simple and
compound) according to the measurements of Exner.
That this combination is possible at all is due to the em-
pirical value of the specific brightnesses of the basic col-
ors determined by Exner, above all (as we shall see in a
moment) on the ratio of the green brightness to the red
brightness.

In order to construct our double coordinate system,
only one special numerical fact is required after what has
been said so far, e.g. the fact that basic blue must be lo-
cated at x = 0.960. This requirement could be eliminated
if the Exner y-value would be exactly 0 instead of 0.024.
In that case the basic blue would lie on the alychne, i.e.
at x = 1. I have already stated above that no observation
prohibits this slight displacement of basic blue (with a
slight conversion of the red and green curves). I did not
follow up this statement before in order not to arouse
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the suspicion that the simplification produced so far was
linked to this step. Even now I shall not follow this
course, but an even simpler one. The small persistent -
value which has resulted from the Exner color disc ex-
periments, does not seem to be a sufficiently certain clue
for shifting the basic blue or for how this is to be done,
in-order to consider it as a brightness color with better
approximation than is the case according to its present
determination. In practice the slight blue brightnesses
which have so far been conscientiously taken into con-
sideration prove to be so inconsequential that it is im-
possible to confirm in any way that an error is committed
when they are simply ignored. The distribution of bright-
ness in the spectrum of the sun calculated by Exner is
changed exceedingly slightly by omitting the blue bright-
ness, far less than the difference between the calculated
and the observed distribution of brightness at the short-
wave end. (In addition the difference is diminished by
omitting the blue brightness!) Even though in these most
saturated of all blue tones, the contribution of the blue
content to the brightness cannot be definitely proved, it
can be seen how much less this is the case in other colors.
We have already mentioned that Ives found a blue value
less than half as great as that of Exner; and we add that,
on the other hand, his value of 0.750 for the important
green value is entirely in agreement with Exner (0.756);
red value always equal to 1, as above.

In short, for the present we feel justified in letting v
= () even without compensating this by a change of fun-
damental. The numerical coeflicients of the equations
(4') then become the following:

X‘l = X3 X3

1
x5 =0.708(x;, — x;) = ﬁ(xz - X1)

x3 = 1.708x, + 1.292x;,

(1+Jﬁ)xl+(2——é)xz. Q)

The simultaneous rectangularity of the two systems of
coordinates in Fig. 3 is not only preserved, but if any-

I

i

" thing, becomes more exact; the V2 ratio applies to the

new coeflicients with even greater approximation:
1:0.708 = 1.41 ... = V2.

If on the basis of (4) and (6) we now study somewhat
more closely the question of how this relationship comes
about, we find (a = 1, v = 0):

or calculated:
B=5—3V2=0.75736 - - . (observed 0.756).

The small difference from the observed value of the green
brightness is due to rounding error.
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For drawing the new figure, all of the conversions
given in the foregoing (which are very tedious in spite of
their simplification, since they must always be carried
out numerically for some twenty positions along the
spectrum) now become entirely superfluous. The proce-
dure is as follows: The color coordinates of the spectral
colors, or any other colors which are of interest, are
drawn into a right-angled color triangle scaled in the ra-
tio of 1:V2, the relative blue value (i.e. divided by the
coordinate sum) being plotted on the abscissa and the
relative green value on the ordinate. A pair of normals
intersecting at right angles, on both of which the distance
between the white point and the blue point is considered
as the unit, is drawn into this triangle. Finally, the Exner
straight line is drawn through the blue point, at an angle
of 45° to the two normals. This diagram then expresses
the Konig-Helmholtz and the Hering valences and the
brightnesses of the colors in exactly the same way in
which this was described with reference to Fig. 3. The
difference between the two figures is probably within the
accuracy attainable at present of the data used here.

For the present I shall not attempt to answer the ques-
tion as to whether the very special simplification which
the construction of Fig. 4 has undergone through the spe-
cial Exner-Ives numerical value of the relative green
brightness, has a deeper significance for the conception
of the visual process. It cannot be denied that Kohl-
rausch found quite a different numerical value for the
green brightness, namely 0.618 (as compared with 0.756)
and that Abney'’ also claims that there is a strong indi-
vidual variation in the coefficient, although the latter
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FIG. 4. Direct construction of Fig. 3 (with inconsequential
simplification) from the untransformed Konig data.
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used somewhat unsatisfactory methods which led him to
the contradictory assertion that the anomalous trichro-
matism consists merely in an abnormal ratio of green
brightness to red brightness. (Actually, from the purely
logical standpoint, the brightness coefficients can have
no influence on an exact color equation, i.e. when it is
found experimentally that two individuals do not accept
each others color equations,'® the adequate theoretic ex-
pression of this fact can not consist merely in a difference
in the brightness coefficients.)

With a different value of the green coefficient than that
of Exner-Ives the construction of Fig. 4 can always be
so arranged that the altitudes of the right-angled Konig
triangle intersect each other at right angles by imparting
to it the increased height of V2:1; however, then the two
Hering axes do not have the same scale; consequently,
the alychne is no longer a straight line at 45° in the He-
ring system of coordinates.

With the same reservation regarding a somewhat
deeper significance I wish to mention the further striking
circumstance that in Fig. 4 the descending branch of the
spectral curve coincides with very great accuracy with
the hypotenuse of an equilateral, right-angled triangle,
the horizontal side of which is RB.

On the other hand, it seems to me of unquestionable
importance for the more thorough understanding of the
visual process to recognize that the primary blue—
whether it be that accepted here or one substituted for it
with fully equal justification—is a color free of bright-
ness. If that is correct, then the three “components” of
the visual organ are probably not equivalent after all, the
conception of the symmetrical role of the three compo-
nents suggested by the theory is invalidated, and that
would have to be taken into consideration in the search
for the physiological substratum.

II.

I shall now briefly discuss the relationship of the three-
color theory to the four-color theory from still another
viewpoint, which, however, 1 cannot as yet correlate di-
rectly to the graphic representations described in the
foregoing."’

In the introduction it was emphasized as the sharpest
contradiction between the two conceptions that, accord-
ing to the one, white and yellow are almost (white) and
entirely (vellow) equivalent as psychologically simple
perceptions to the other three colors (red, green, blue),
but according to the other white and yellow correspond
only to the simplest mixture ratios, namely 1:1:1 (ac-
cording to definition) and 1:1:0 (according to experi-
ment).

If we now consider the phylogenetic origin of an organ
perceiving light, we come to the nearly self-evident as-
sumption that in the primitive beginnings its function
was limited to reaction to other radiation—naturally
only to the radiation of a limited frequency range; that
appears even from the immense difference in the physi-
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cal effect from the radio waves to the y-rays. The second
stage in the adaptation may be regarded as the one in
which within this frequency range the organ commences
to react differently qualitatively to different frequencies.
A process of development similar to that of the ear—
“individually” different reactions for every small fre-
quency range in the finest graduation—is entirely impos-
sible for an organ of light, because under natural condi-
tions it is never exposed to approximately pure frequen-
cies. (If thin layers of luminous gas masses played an
important role biologically, this might be different.)
Since the prerequisites for the development of an indi-
vidual power of differentiation of the individual frequen-
cies are lacking, it is apparently most probable that a
summary power of differentiation by which a predomi-
nance of the short-wave or the long-wave components
over the “normal” composition of light (sunlight) is in-
dicated by a special characteristic of perception. This
characteristic of perception is the blue-yellow series with
neutral white as transition point, the primitive simplicity
of which will naturally not be lost because deviations
from the norm gradually reach a perceptible emphasis.
The state attained is that of dichromatism, which we ob-
serve in the normal retina périphery, with the exception
of those of partially color blind people, and as it seems,
also in many animals (insects).

A second step, entirely analogous to the first, leads to
trichromatism. The division due to predominance of
short- or long-wave radiation, which formerly affected
the entire perceived frequency range, is repeated a sec-
ond time in the range of the long-wave lights alone. Thus
yellow is separated into red and green, as white was pre-
viously separated into blue and yellow. Yellow now loses
its already established simple color character by a further
differentiation, as white did previously. Yellow has the
same relation to the color pair red-green that white has
to the color pair blue-yellow, namely, it is its neutral
transition point.

Although this conception of the successive origin of
the color sense cannot be proved by strictly quantitative
methods, nevertheless it seems to me to explain the roots
of the debate about the “simplicity” of white and yellow,
and their role as basic perceptions. White and yellow are
true basic perceptions, not recent but ancestral, one from
the monochromatic, the other from the dichromatic
stage. Of the basic perceptions still “undivided” at pres-
ent, one (blue) is derived from the dichromatic stage, and
the other two (red and green) are of more recent acquisi-
tion. This explains why the two latter are still subject to
the most disturbances and “setbacks”; it also explains
why no disturbances of the perception of blue alone oc-
curs as a physiological anomaly, although it should be
just as possible according to the three-component the-
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ory; the line of ancestors passed through no such stage of
development. With “blue-yellow blindness,” “red-green
blindness” also occurs regularly; these are cases of inborn
color-blindness. Cases have actually been observed in
which it seemed to be due not to pure red-vision, but to
a degeneration, or, as we prefer to say, an atavism of the
“daylight apparatus.”'®

If this conception is correct, we have on the peripheral
zones of the normal retina a record of the successive
stages of our ancestral methods of vision, the oldest on
the outside. Due to the biological importance of foveal
vision, it seems entirely comprehensible that new differ-
entiations originate in the fovea and only gradually radi-
ate to the periphery.
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